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We consider here a generalization of a well known discrete dynamical 
C/^ system produced by the bisection of reflection angles that are constructed 

Q recursively between two lines in the Euclidean plane. It is shown that sim- 

ilar properties of such systems are observed when the plane is replaced by 
a regular surface in M'^ and lines are replaced by geodesies. An applica- 
tion of our results to the classification of points on the surface as elliptic, 
hyperbolic or parabolic is also presented. 
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1 Introduction 

^ Let us consider the following simple problem. In the Euclidean plane take two 

rays starting at point V and forming an acute angle of measure Denote the rays 
by La and Lb and take an arbitrary transversal segment AiBi with Ai e L^, and 
Bi G Lb- Keep constructing further segments with respect to the following rule: 
To create a new transversal, take the angle between the most recently constructed 
transversal and the corresponding ray, and let the new transversal be the bisector 
of this angle. In particular, if we have as our last transversal Bk^iAk, we take 
the bisector of ZB^-iAkV, denote its intersection with line Lb hy B^ and use the 
transversal AkB^ for the next step (see Figure 1). Clearly, this process creates 
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Figure 1: 

not only two sequences of points {^4^} G L^, {B^} E Lb but also two sequences 
of angles {ak}, and where = ZBkAkV, and f3k = ZAk+iBkV. 

By expressing each sequence of angles as a first order difference equation, it is 
easy to show that 

lim ak = lim jSk = — z-^ 

fe— >oo fc^oo 3 

irrespective of the choice of the initial transversal segment. We show below that 
this property holds under more general circumstances. Specifically, we replace the 
plane with a smooth surface in M^, where our triangles will be geodesic triangles, 
and drop the condition that the angles are created by bisection. 



2 A generalization of the problem 

Let S* C be a regular surface locally parametrized by a differentiable vector 
function r{u,v) : U — > M^, with U being open in M^. All curves we consider 
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below will be regular parametrized curves, that is, differentiable vector functions 
c : [a, b] — > M.^ with c{t) = dc{t)/dt 7^ for all values of the parameter t G (a, b). 
By a geodesic on S we will mean a unit speed regular curve c(s) (parametrized 
by the arc length) on S such that the second derivative c"{s) is the zero vector 
or perpendicular to the surface. 

To avoid the cases when two distinct points on S can be joined by different 
geodesies, we will consider only "small" triangles formed by two geodesies inter- 
secting at a point V and a third geodesic intersecting the first two transversally 
at points A and B. By a "small" triangle we will mean one contained in an 
open subset of S, which is a normal neighborhood of all its points. Proof of the 
existence of such a neighborhood for each point p E S can be found in §4-7 of [T]. 

If 7. : [0,fe] 5,7.(0) = P,7;(0) = V and 7«. : [0, c] 5,7«.(0) = P, 
7to(0) = ^ two geodesies at P, the angle between these two geodesies is 
defined to be the angle between v and w. If X is on 7^, and Y is on 7^, we will 
denote this angle either by /LXPY or by ZYPX. Assume now that we are given 
a "small" triangle /\VAB on a regular surface 5* C M'^ and denote ZBVA by /i, 
and assume that /i < tt. 

As was the case in the Euclidean plane, we can construct first order difference 
equations for the angles created by bisection, where now our transversals will be 
geodesic segments. Let Ai = A, Bi = B and ai := ZVAiBi. Assume also 
that we are given two continuous functions p : 5* — > M.^ and q : S taking 
only positive values. To construct the point A2 on the geodesic segment VAi, 
we consider the geodesic 7/3^ : [0,1] S such that 7/3i(0) = Bi and the angle 
between 7^j(0) G Tbj^{S) and the geodesic segment BiAi is 

^ ZVB.A, 

Geodesic 7^31 ([0, a)) (with a large enough) will intersect transversally the seg- 
ment VAi at a point, which we denote by A2. Then we use function p : S ^ 
and divide angle ZB1A2V by the geodesic 7^2 : [0, 1] — 5* to create the point B2 
on segment VBi, where 7«2(0) = ^2 and the angle between 7^3(0) G Ta2{S) and 
segment A2V is defined by 
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Figure 2: 

Then we iterate this procedure to construct two sequences of points {Ak}k=i, 
{Bk}k=i, and angles 



Here arises a natural question. Do the sequences {«„} and converge, 
and if so, to what values? In the next section we will prove the following 

Theorem 1. For an arbitrary small triangle AVAB on a regular surface S 
in M.^ with the angle ZAVB = /i < vr and two continuous positive functions 
p : S — > and q : S — > M^, we have 

lim a„ — 



n— »oo 



piV) + qiV)+piV)-qiV) 
and 



piV) + qiV)+piV)-qiV) 
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Corollctry 1. //, in addition to the conditions of the theorem we assume that 
functions p and q are equal, then 

lim an = lim /3„ = — ^ 

n— *oo n— ♦oo Z -\- ViV j 



Recall that a point x E S is called elliptic when the Gauss curvature K{x) > 0, 
hyperbolic when K[x) < and parabolic when K{x) = 0. Our next corollary 
shows that there exist functions p{x) and q{x) so that the limits of our sequences 
of angles will distinguish the type of the point V. 

Corollary 2. Let ki{x) and k2{x) denote two principal curvatures at x E S. If 
p{x)^l + \K{x)-{ki{x) + k2{x))\ and q{x) ^ 1 + \K{x)\ ■ {\ki{x)\ + \k2ix)\) 
then the pairs (lima^i, lim/3„) are different for different type of points. 



Proof. Straightforward computations show that in the case of a parabolic, elliptic, 
and hyperbolic points correspondingly, we have 

lim an — lim /3„ = — lim = lim /3„ < — lim q;„ ^ lim 

□ 



3 Proof of the theorem 



The proof of Theorem 1 relies on a generalization of the Banach contraction 
mapping principle and a special case of the local version of the Gauss-Bonnet 
Theorem. Let us first recall the contraction principle. 

The Contraction Theorem Consider a complete metric space (M, dist). Let 
T : M ^ M be a contraction mapping with Lipschitz constant k e (0, 1), and 
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suppose a E M is the fixed point of T. Let {£„} be a sequence of positive numbers 
converging to zero, and suppose {an} C M satisfies: 

dist(a„+i, T(a„)) < 

Then the sequence {«„} converges to a. We refer the reader to chapter 3 of [2] 
for a proof of this theorem. 



Proof of Theorem 1. Let's apply the Gauss-Bonnet Theorem to geodesic triangles 
AkBkAk+i and AkBkV. Using notations from figure 2, one will get the following: 



K dS = ak + q{Bk) ■ + (tt - (1 + p{Ak+i)) ■ ttfc+i) - tt, 

which is equivalent to the formula 

"^^^ - l+p{A,^,) + l+p{A,^,) - 1 +p{A,^,) ■ JJ 
and similarly 

K dS = ak + {1 + q{Bk)) ■ f3k + ^i-n, 



AkBkV 

which gives (3 in terms of a and /x: 



q{k) 1 + + 1 + ■ // ^ 



Substituting ^ into ([!]) one easily obtains 

Qfc+g(gfc)-(7r-At) I q(Bk) I C 7>- J Q 1 [ C 1^ rl ^ 

^ (l+p{Afc+i))-(l+g(Bfe)) ' J J ^ ^ ""^ l+p{Ak+i) \ J J ^ 
AkBkV Ak-tSkAk+i 

Since p{X) > and q{X) > for an arbitrary point X E S, the map 
^ 1 ^ g(\/)-(7r-^) 



l+p{V))-{l + q{V)) " + 
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will be a contraction with Lipschitz constant 1/[(1 + p{V)) ■ (1 + £ (0, 1). 

Its fixed point a can be found by a straight forward computation 

q{V) • (tt - /.) 

a — 



p(V) + q{V)+p{V)-q{Vy 

To apply the contraction theorem for this map T, we set M = M with the stan- 
dard distance function dist{x,y) := \x — y\. Then it follows that 

AkBkV 

Thus, to prove our theorem for the sequence {«„}, it is enough to show 
that {sk} when A; — > oo. For this we will show that the difference of two 
fractions and each of the double integrals in the formula for Ek converge to zero. 
The Gaussian curvature of a regular surface is a smooth function, and hence 
it is universally bounded on a small triangle. Since the union of all triangles 
AAkBkAk^i is contained in the small triangle AVAB, we must have 
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\K\ dS < JJ \K\ dS < oo, 

1 AkBkAk+i ABV 

and hence the general term of the scries converges to zero. As for the integrals 
over the triangles AkB^V, we first notice that both sequences {A^} and {Bk} 
converge to the vertex V (see Lemma 1 below). Therefore length of each of three 
geodesies L{Ak, V), L{Bk, V) and L{Ak, B^) approaches zero, which implies that 
the regions in corresponding to the triangles AAkB^V get shrunk to a point. 
Hence 



K dS 0. 



AkBkV 

Convergence to zero of 
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follows from the lemma since both functions p,q : S — > are continuous. 
Thus, Ek — ^ 0, when k —>■ oo, and hence our result for {0;^}. To finish the proof 
take the limit as A; ^ 00 of each side in formula ^ to obtain the desired answer 
for the sequence {/3fc}. □ 

Lemma 1. lim = lim = V 

fc— >CX3 fc— >CX3 



Proof. Suppose we are given a geodesic segment PQ C S. As above, we will des- 
ignate here the length of such a segment by L{P, Q). Since our triangle ABiVAi 
is a small one, it is easy to see that the sequence of points {Bk} converges to a 
point, P, on the geodesic segment BiV. Assume that P V. Then We > 0, suffi- 
ciently small, 3N, a large enough natural number, such that VA; > A^, B^ will be 
in a neighborhood of radius e centered at P and contained in expp{D^). Further, 
we assume that e is so small that expp{Ds) has no points in common with the seg- 
ment AiV. This implies that 3c > such that for all large enough n, m we also 
have L{An, Bm) > c. Consider a regular parametrization •yit) : [0, 9] — > BiV of 
the geodesic B^V such that 7(0) = Bi, -f{e) = V and dj{t)/dt =^ 0, Vt G (0,^). 
Let us denote by G [0,6'], ti = 0, the parameter value corresponding to the 
point Bk G BiV, i.e. jitk) = Bk. Since the sequence {Bk} converges and 'j(t) is 
smooth, the corresponding sequence of parameters {tk} will converge as well. 

As the next step, we use the exponential map to show that existence of the 
limit point P with L{P, V) > implies the convergence to zero of both sequences 
{ak} and {Pk}- Assume that n is large enough and recall that expA„ '■ Ta„S — > 
S" is a diffeomorphism locally and its image contains our small triangle AABV. 
In particular, we can consider the preimage of the two geodesies segments BnAn, 
and AnBn+i, which will be line segments in Ta„S. We denote those lines by 
(-B„A„) and (AnBn+i) respectively(i.e. exp^^{Bn) = Bn)- Since expAf, preserves 
the angles and lengths of rays through the point Ak, we have that 

/LBnAnBn+i = Z5„v4„5„+i = p{An) ■ a„ and \AnBn+i\ = L{An, Bn+i) > c, 

where i G {0, 1}. We also have the following inequalities: 

L{Bn+i, Bn) > dist[i?„+i, {AnBn)] > c ■ sm{p{A 

where L{Bn+i, Bn) denotes the length of the curve exp^^ C Ta„S and 
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can be computed by the integral 



L{Bn+i,Bn) = j |(exp^^ o7)'(m)| du. 



Since the composition expj^^ o 7(t) is smooth, there exists a positive constant K 
such that for all large enough n, we have 

K ■ \tn+l -tn\> L{Bn+l, Bn) > C ■ sin(p(A„) ■ 

which implies that the sequence of angles converges to zero. Recalling Q 
we conclude that the sequence {/?„} converges to zero as well. 

Now let's look at the triangle AA^B^V and consider the geodesic through 
and a point Z on the geodesic segment VB^, including both end points. Since Z 
belongs to a closed and bounded curve, there is such geodesic A^Z of maximal 
length. Let's denote this length by Lk, that is 

Lk := max {L{Ak, Z)} . 

Now we take the circular sector of radius L^, denoted by /\S{Ak, Lk), centered 
at Ak and bounded between two geodesies AkV and AkB^ with angle au at Ak. 
Clearly, AA^B^V C AS{Ak, L^), and therefore 



\K\ dS < J J \K\ dS. 

Since the sequence {Lk} is certainly bounded and {ak} — ^ 0, when k oo, the 
areas of AS{Ak, Lk) will approach zero, which implies that 

K dS 0. 



AkBkV 



Now one can use formula ^ to deduce that fi = tc, which will contradict the 
assumption that fi < n in the triangle AABV. A similar argument for {Ak} also 
results in a contradiction. □ 
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